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Estimation and Prediction of Orbital Debris Reentry Trajectories

Jason M. Tardy* and Craig A. Kluever
University of Missouri-Columbia, Columbia, Missouri 65211

Tracking and prediction of orbital debris trajectories have recently received a great deal of attention due to
the increasing proliferation of such objects and the hazard they pose to operational spacecraft. Most analyses
have focused on in-orbit dynamics, such as the probability of collision with low-orbiting satellites, especially
the International Space Station. Less attention has been given to the problem of reentry estimation and impact
prediction. During reentry, aerodynamic forces dominate the dynamics, which presents a challenge to the trajectory
estimation problem because the relevant characteristics of debris (size, shape, and mass) needed to model the
trajectory accurately are largely unknown. A ground-based trajectory estimation method is described that attempts
to determine simultaneously the unknown time-varyingballistic coefficients with the state vector using an extended
Kalman filter. This filter estimates the unknown ballistic coefficients by using dynamic process noise parameters
based on an integral state model. A posteriori information from the filter is processed by a Monte Carlo algorithm
to predict the impact location. Simulation results are presented and suggest a high degree of accuracy in both the

estimation and prediction stages.

Nomenclature

semimajor axis, km

aerodynamic acceleration vector, m/s
drag coefficient

lift coefficient

eccentricity

Jacobian matrix of the governing equations of motion
vector of governing equations of motion
gravitational acceleration vector, m/s’
Jacobian matrix of measurement model
measurement model

identity matrix

inclination, deg

Earth oblateness constant

Kalman gain matrix

mass, kg

error covariance matrix

square root of drag ballistic coefficient, /Bp
spectral density of process noise
Gaussian process noise

dynamic pressure, N/m?

debris radius, m

local Earth radius, km

position vector, km

frontal area, m?

time, S

velocity vector, km/s

Earth-relative velocity, km/s

variance matrix for measurementnoise
Gaussian measurement noise

state vector of the reentry object
estimated state vector of the reentry object
mean of all samples

measurement vector

drag ballistic coefficient, m*/kg

= lift ballistic coefficient, m?/kg
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8 = Dirac delta function

e = surface distance error, km
n = ablation constant, m? - s/lkg
K = cross correlation

v = true anomaly, deg

0 = atmospheric density, kg/m?
Ddebris debris density, kg/m3

o = standard deviation

P = state transition matrix

¥ = design constant

Q = right ascension of the ascending node, deg
10} = argument of periapsis, deg
Subscripts

az = azimuth

el = elevation

i = measurement index

lat = latitude

lon = longitude

0 = Iinitial value

Superscripts

+ = updated value

- = apriorivalue

Introduction

N recent years, the number of nonoperational objects in low

Earth orbithas increased dramatically. The problem this presents
to ongoing space missions has long been recognized, and much
efforthas been made to accurately determine, catalogue,and predict
the orbital characteristics of these objects to avoid collisions. Most
of this effort has been directed at on-orbit operations such as the
space shuttle and International Space Station.!~® Fewer studieshave
attempted to estimate and predict the trajectories of debris during
atmospheric reentry. This lack of analysis is primarily due to the
difficulty in establishing the aerodynamic characteristics of these
objects. The growing threat posed by debris provides motivation for
more accurate methods of reentry estimation and prediction.

Previous research in reentry trajectory prediction has focused
on reentry vehicles. Mehra’ investigated several nonlinear filters
for tracking reentry vehicles. Trujillo® used maximum likelihood
estimation to determine the lift and drag characteristicsof the Space
Shuttle Orbiterduring reentry. Cardilloetal.’ used a Kalman filter to
estimate uncertaindrag profiles for reentering ballistic missiles. Re-
cently,Rao' introducedan estimation scheme for predicting orbital
debris reentry trajectories.
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Currently, U.S. Space Command uses a nonlinear least-squares
method to track and predict debris trajectories. This technique has
the unfortunate drawback of incorporating force model errors into
both the state estimate and error covariance.!! Inherentin this form
of differential correctionis an assumed parameterizationof the bal-
listic coefficients. Such a deterministicapproachmay be sufficient at
higher altitudes where density (and, therefore, aerodynamic forces)
play a lesser role, but is inadequate for reentry analysis. An alterna-
tive approach is to model the dynamics stochastically; this method
not only addresses the uncertainty in the ballistic coefficients, but
also accounts for measurement errors.

Rao'® proposed using an integral state to model the ballistic co-
efficients from within an extended Kalman filter (EKF). This model
estimates the coefficients as an integral of stationary white noise
and adjoins them to the position and velocity vectors to create an
augmented state. In essence, this approach uses random walk in the
dynamic model, with the spectral densities of these artificial distur-
bances as variances of the process noise. Measurements were in the
form of azimuth and elevation angles from space-based sensors in
high Earth orbit.

This study differs from the preceding one in several ways. Mea-
surements are made from ground-based stations and include range
as an estimated parameter. In addition, a dynamic integral state is
implemented that tunes itself based on past filter performance. This
self-tuning approach has the effect of significantly reducing estima-
tionerrors and providinga great deal of stability to the filter. Another
important distinctionis the use of more advanced atmospheric mod-
els in the trajectory simulation and state estimation. Finally, several
practical considerations requisite to using ground stations are ad-
dressed, including number of tracking stations and their locations,
frequency of data, and gaps in measurements.

Although useful in itself, debris trajectory estimation is, in prac-
tice, a means to an end, namely, to predict the location of terminal
impact. In our analysis, impact prediction is achieved through a
Monte Carlo simulation. The basic premise behind this method is
simple: Given a number of stochastic parameters and their statistical
distributions,repetitive simulations will yield a statisticallyaccurate
picture of the process under examination. In this case, given the final
covariance of the augmented state, a deterministic model is used to
propagate the trajectory to the ground. As the total number of cases
becomeslarge, the impact footprintshould convergeto a statistically
accurateaggregate.Several simulationsare presented and compared
to demonstrate the effectiveness of this method.

Optimal Estimation Model
Estimation
Following Rao,'® optimal estimation is accomplished through the
use of a forward-pass EKF followed by a backward-pass Rauch—
Tung-Streibel (RTS) smoother. The EKF estimates nonlinear sys-
tems of the form

X =00 +q) (1)

where q(7) is Gaussian process noise with zero mean and variance
defined by

Elq(Hg(n)"] = Q8 — 1) @)

where Q(t)is the spectral density of g(t). Similarly, discrete mea-
surements are modeled as

yi =hx;) +w, (3)

where w; is Gaussian, zero-mean measurement noise with spectral
density W;. The elements of diagonal matrix W; are the variances
of the respective sensors.

The EKEF, like its linear counterpart, uses a predictor—corrector
scheme. The estimated state vector is

X = E[x] )
and the associated error covariance matrix is

P=E|x—%(x—%"] (%)

Given a priori estimates of the state vector and covariance matrix,
the Kalman gain is computed as

Ki =P~ (Hi_)T[Hi_ Pz‘_(Hi_)T + Wi]_l ©)

where H; is the Jacobian matrix of the measurement model 2 with
respectto the states. The optimal update to the estimated state vector
is

B =i+ KLy - k()] ™
The error covariance is updated using
Pt =|I-KH |P (8)

In the prediction stage of the EKF, the state vector can often be
estimated by computing the state transition matrix (STM) from the
linearized system matrix. This method suffers from errors due to
linearization; however, a more accurate method is to integrate the
nonlinear equations of motion numerically,

x=f@E 1) ©)

The error covariance can be updated in two ways. The first method
makes use of the STM, which also suffers from linearizationerrors,
although in many cases the errors are much smaller than those asso-
ciated with the states. The second method, which is utilized in this
analysis,involvesnumericalintegrationof the Lyapunovequation'?:

P=FP+PF" 4+ Q (10)

The system matrix F' is the Jacobian matrix of the governing dy-
namic equations with respect to the states, evaluated at the estimated
state.

Backward Smoother

The RTS algorithm'® is a discrete, recursive, fixed-interval
backward-sweep smoother. In the following convention, I'(i| ) is
read as I" evaluated at point i based on j measurements. The state
smoothing equation is

Fk|N) = 2(klk) + AK)[R(k + 1|N) — 2k + k)] (1)

where A(k) is the smoothing gain matrix at point k£ and is computed
as

A(k) = P(klk)®" (k + 1|k) P~ (k + 1]k)
k=N-1,N-2,...,0 (12)
The smoothed error covariance is independently calculated as

P(k|N) = P(klk) + AK)[P(k + 1|N) — P(k + 1|k)]A” (k)
(13)

Estimator Dynamic Model

As described earlier, the estimation scheme propagates the es-
timated state by numerically integrating the governing nonlinear
equations in the form of Eq. (9). The estimator uses the following
dynamic model to predict the motion of a reentry object under the
influence of gravitational and aerodynamic forces:

F=v (14)
v=g-+a (15)

The gravitational acceleration g consists of two-body gravity and
Earth oblatenesseffectsdue to J,. Aerodynamicaccelerationa com-
prises lift and drag acceleration components:

_ pvZ,SCy _

1
S = 5PVube (16)

ar

_ pv%,SCh _

ap = lpvzlﬁb = l,01)21172 (17)
2m 20 20
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Velocity of the object with respect to the rotating Earth atmosphere
18 Uy . Itis assumed that all aerodynamic forces remain in the plane
of motion and, therefore, the reentry object’s motion is entirely in
the vertical plane. In Eq. (17), p? is substituted for the drag ballistic
coefficient 8 to ensure the physical constraintof nonnegativedrag.
Equations (16) and (17) encompass all of the unknown parameters
in the aerodynamic acceleration calculations such as lift and drag
coefficients, frontal area S, and mass m. The estimator uses the 1976
Standard Atmosphere for altitudes ranging from 0-127.77 km and
the Soviet Cosmos model for altitudes from 127.77-600 km. At an
altitude of 127.77 km, the densities of the two models coincide; thus,
choosing this altitude to change models ensures piecewise continu-
ity. Density is assumed to be zero above 600 km. Altitude is mea-
sured relative to an oblate ellipsoid Earth model with an equatorial
radius of 6378.145 km and a polar radius of 6356.752 km.

Dynamic Integral State

A new approachis used to estimate the ballistic coefficients. This
method, which is termed the dynamic integral state, derives its her-
itage from the standard integral state and the method of Cardillo
et al.’ The integral state model described by Rao'® models the bal-
listic coefficients p and §; as integrals of stationary white noise:

p 4dp
.| = = 18
|:ﬁLi| |:‘1Li| 1 (%)

These two dynamic equations are appended to the sixth-order state
system [Eqgs. (14) and (15)] to create an augmented eighth-order
system.

Cardillo et al.” developed an EKF to track the trajectories of
ballistic missiles with uncertain drag. Their approach was to in-
clude dynamic components in the process noise covariance matrix.
These terms are included in the diagonals of the velocity com-
ponents of the process noise matrix and are proportional to the
square of the estimated velocity error averaged over n previous
iterations. In this model from Ref. 9, a constant value is used for
the uncertain drag coefficient. Our approach incorporates the ba-
sic form of the integral state, Eq. (18), but includes the dynamic
velocity noise terms and extends the modification to the ballistic
coefficients. Consequently, the process noise covariance matrix is
Q=diagl0 0 0 Y192, 12, Y, Wpp® YifB}l, where v,
Y¥p, and ¥, are constant positive design parameters. The velocity
component variances consist of the constant 1; multiplied by the
mean-square residuals of the updated relative velocity components
(v?* terms), whereas the variances associated with the ballistic coef-
ficients consist of the constants ¥, and v, multiplied by the mean-
square residuals of the updated ballistic coefficients. All residual
computations are with respect to the a priori estimate over a prede-
termined interval and an intervalof 50 previousiterations (including
the current one) is used for all cases in this study. Before the 50th
iteration, residuals are computed from the available data.

In essence, constructing the process noise covariance matrix to
depend on the estimated error in velocity allows the filter to evaluate
its own performance and tune itself accordingly. When the updates
to the velocities are small, the variances of matrix Q diminish to re-
flect the improved performance and vice versa. Extending dynamic
noise to the ballistic coefficients has the effect of damping oscilla-
tions about their means. Care must be taken, however, to ensure that
the proportionalityconstantsyr,, ¥ p, and y, arelargeenoughto add
sufficient noise to the error covariance matrix [see Eq. (10)]; other-
wise, the filter will place too much weight on the dynamic model
and converge to incorrect values of the ballistic coefficients. This
approach has the added benefit of greatly improving filter stability
because large errors in the state cause the filter to rely more heavily
on the measurements.

Before the developmentof this model, simulationsinvolving two
ballistic coefficients on the same order of magnitude, that is, lifting-
type bodies, almost invariably caused the filter to diverge. In con-
trast, using the dynamic integral state results in remarkably stable
and accurate results. Note, however, that the determination of the
noise parameters ¥p and ¥, is dependenton the mean-square error
with respect to the estimated state; thus, measurement errors in the

position will propagateto the velocity estimate and introduce errors
in the dynamic model. These errors are small, however, and can be
ignored.

Optimal Estimation Results

A number of simulated trajectories were examined, spanning a
wide range of initial conditions, ballistic coefficients, and station
configurations. A truth, or reference, reentry trajectory is generated
by numerically integrating the sixth-order deterministic dynami-
cal model [Egs. (14) and (15)] with a standard fixed-step, fourth-
order Runge—Kutta method. The JGM-3 gravity model with the full
70 x 70 field of spherical harmonics is included for accuracy. Den-
sity is computed from the 1976 Standard Atmosphere for altitudes
below 127.77 km and the Soviet Cosmos model for altitudes be-
tween 127.77 and 600 km. Uncertainties in atmospheric density are
modeled by including normally distributed random fluctuations in
the reentry simulation, where £30 corresponds to 20%variation
in the ideal density model. Therefore, the reentry simulation and the
estimation scheme utilize differentdensity models. (The estimation
scheme uses the joint 1976 Standard Atmosphere/Cosmos model
without uncertainties.)

Ballistic coefficients for the orbital debris vary during reentry due
to ablation. Lift and drag ballistic coefficients are

S C, SH)Cp
m(t) m(t)

We assume that the debris is a homogeneous sphere and that it
ablates during reentry. Therefore, the ballistic coefficients change
due to decreases in debris mass and frontal area. Because frontal
area is S =4m R? and spherical debris mass is m = 47 R? pgepris /3,
the ballistic coefficients have an inverse relation with debris radius
R. Radius of the sphere is assumed to decrease due to symmetric
ablation at a rate proportional to S and dynamic pressure:

BL(t) = , Bp (1) = (19)

R=—n(5/8)q (20)

where 7 =10""3 m?-s/kg is the assumed ablation constant. Dy-
namic pressure is

G =4pu2, 1)

Debris radius is updated during the reentry simulation by using a
simple Euler integration method and Eq. (20):

R(t + A1) = R(t) + RAt (22)

where At is the integration time step. New ballistic coefficients
are computed from the updated debris radius and Eq. (19). We use
Ry =1 m for all simulations.

Ground station tracking data consist of range and azimuth and
elevation angle measurements taken at fixed intervals. The
measurement noise matrix W is a 3 x 3 square matrix, W =
diag|0yanee 04- 0u]. The standard deviations of the respective sen-
SOTS are Ounge = 10 m, 0, =2 x 107" rad, and 0 =2 x 10~*rad,
which are typical of U.S. Space Command sensors.'* Measurements
are simulated by corrupting the reference trajectory (expressed in
a topocentric-horizon frame) with noise produced by a Gaussian
random number generator. For the case of multiple station data, a
composite measurement scheme must be constructed. Assuming all
stations have the same level of sensor noise, each station’s data are
corrupted individually. Measurements are then transformed to geo-
centric Cartesian coordinates, and the state vector is averaged. This
mean trajectory is then converted back to measurementdata (range,
azimuth, and elevation) at an arbitrary station location and the filter
estimates the state from these composite measurements.

Filter Tuning

Accurate filter results require proper tuning, or modeling, of pro-
cess noise. For tuning purposes, ballistic coefficient configurations
were first analyzed using a “glass Earth” model for measurements.
The glass Earth is a useful abstraction for validating the filter and
analyzing the effects of various parameters by ignoring the physical
constraintthat measurements can only be taken at positive elevation
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Table 1 Ballistic coefficient configurations for filter tuning trials

Trial Initial Bp, m?/kg Initial 7, m*/kg ¥p YL

1 5% 1074 5% 107 1077 101
2 5% 1073 5%x 1074 1077 101
3 5% 1072 —5x 107 10-¢ 10-12
4 5% 1072 0 10-¢ 10-12
5 0.5 0.5 107 1077

Table 2 Filter tuning trial statistics

Radial error  Velocity error  Sp Error By Error

Trial rms, m rms, m/s rms, % rms, %
1 29.71 1.14 5.27 9.25
2 28.78 0.47 1.76 5.70
3 36.49 1.94 3.02 54.90
4 34.72 1.14 3.02 N/A?
5 243.64 11.36 0.70 0.80

“Relative lift error cannot be computed for the zero-lift case.

angles. This abstractionallows continuoustracking froma single lo-
cation, which prevents station location, data gaps, and simultaneous
measurements from obscuring the relationship between trajectory
variables and filter performance. In this preliminary filter-tuning
stage, measurements were taken from a location of 0° latitude and
0° longitude.

The ballistic noise constants ¥, and i, are tuned by investigat-
ing reentry trajectories with a wide range of ballistic coefficients.
Combinations of initial 8, ranging from 5 x 10~ to 0.5 m?/kg and
initial B, from 5 x 107> to 0.5 m*/kg were considered. For the tun-
ing analysis, the initial orbit elements are a = 6490 km, e =0.01,
i =45 deg, 2 =0deg,and w =45 deg, whichresults in a Keplerian
orbit with an apogee altitude of 177 km and a perigee altitude of
47 km. The initial true anomaly is set at 270 deg, and, therefore, the
initial altitude is 117 km. Atmospheric density uncertainties were
notincludedin the filter tuning trials. Table 1 presents the variety of
initial lift and drag configurationsalong with the tuned noise param-
eters. The noise constants ¥p and ¥, were adjusted until the errors
in position, velocity, and ballistic coefficients were observed to be
smallin an rms sense. Tuning was performedin a simplex-typeman-
ner, iterating over noise parameter combinations in discrete factors
of 10. Although no formulistic merit function was used to evaluate
the results, ballistic coefficient accuracy was given priority over that
of the state because the accuracy of the coefficients is the primary
determinant of accuracy in the prediction stage.

Table 2 presents statistics for each tuning trial. The relative mag-
nitude of the ballistic coefficients does not significantly alter the
estimation of the trajectory, but it does affect relative errors in the
estimation of the coefficients themselves. If the lift is much lower
(BL <0.018p) than the drag, for example, trial 3, the error in the lift
coefficient becomes large due to the coupling between the aerody-
namic forces. In this scenario, the filter has difficulty determining
whether deviations from the measured trajectory are due to drag or
to lift. Consequently, a small perturbation in §, will be compen-
sated by a large changein ;. This discrepancy is not visible in the
estimation of the states, however, because acceleration due to lift is
relatively small.

The optimal estimate of the time-varying ballistic coefficients is
computed by averaging the smoothed estimate within a predeter-
mined range of altitudes. Averaging the estimates reduces errors
due to oscillations about the mean. Extensive analysis over a wide
range of scenarioshas establishedthat coefficient estimates are most
accurate within a certain atmospheric regime. The reason for this
trend is twofold. The primary reason is that at extreme altitudes, es-
timation suffers from the magnitude of the density. At high altitudes,
the atmosphere is sparse; as a result aerodynamic forces are small
and, therefore, difficult to distinguish from measurement noise. At
low altitudes, the dense atmosphere degrades estimation because
small errors in estimation have large effects on the filter dynamic
model. The second reason is a consequence of all filter-smoother
schemes: estimation errors are smallest in the middle of a batch of
data because they are framed by the most information.

Estimation Results

After tuning the filter for a given ballistic coefficient configura-
tion, realistic entry cases can be considered. This study uses the
14 existing U.S. Space Command dedicated and collateral debris
tracking stations to analyze a hypothetical reentry trajectory. For
this analysis, the initial conditions were a = 6546.010km, e = 0.01,
i =45 deg, 2=230 deg, @ =40 deg, and v=1 deg. Apogee
and perigee altitudes of the initial Keplerian orbit are 233.3 and
102.4km, respectively.The trueinitial ballisticcoefficients are taken
from tuning trial 2[ 8 = 5 x 1073 m?/kgand B, =5 x 10~ m?/kg].
Station coverage for this simulation is presented in Fig. 1, which
shows several measurement gaps. Test cases were run with station
measurement frequencies of 0.2, 0.5, 1, and 2 Hz. These frequen-
cies are somewhat less than the 20-Hz measurement capability of
existing ground tracking stations.”’ Figure 2 presents the smoothed
altitude estimate for the range of measurement frequencies along
with the reference (truth) altitude profile. Note that the object makes
several skips in and out of the upper atmosphere and finally remains
in the atmosphere for reentry after about 160 min. Figures 3 and 4
present the 1o confidence levels in radial and velocity estimation
for cases with different measurement frequencies. As expected, the
errors diminish with higher measurement frequency. Figures 3 and
4 show the clear improvementin estimation accuracy as data accu-
mulate and as the object comes in view of a ground station (note the
station coverage times displayedin Fig. 1). The errors also diminish
as the debris reenters (and remains within) the atmosphere and the
ballistic coefficient estimates improve.

A clearerview of the progress of the estimation processcan be ob-
tained by examining the effect of altitude on estimated parameters.
Figures 5 and 6 show the smoothed estimates of the time-varyinglift

Number of ground stations tracking object
N
|

0 T T T T 1 T T T T
0 20 40 60 80 100 120 140 160 180 200

Time , min

Fig. 1 Ground station coverage during reentry.
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Fig. 2 Altitude estimation for reentry trajectory.
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Fig. 3 Standard deviation of radial estimation error during reentry.
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Fig. 4 Standard deviation of velocity estimation error during reentry.
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Fig. 5 Lift ballistic coefficient (3; vs altitude (measurement
frequency = 0.5 Hz).

and drag ballistic coefficients and their associated 3o error bounds
(from the smoothed error covariance) vs altitude during reentry for
the 0.5-Hz case. Because altitude is not unimodal (Fig. 2), only the
last 37 min of the reentry trajectory is shown. As seen during the
early stage of the reentry, the coefficients remain constant when no
trackingis available. Figures 5 and 6 demonstrate the estimation fil-
ter’s ability to produce good estimates of the time-varying ballistic
coefficients with the lowest measurement frequency (0.5 Hz).

Measurement Frequency
Measurement frequency is a crucial factor in filter performance.
If measurement frequency is too low, the filter will diverge. Not

Table 3 Estimation statistics for measurement frequency trials

Measurement Radial error Velocity error 8p Error 8, Error
frequency, Hz vp ¢ rms, m rms, m/s rms, % rms, %
0.2 1078 10°11 23343 4.85 4.45 7.81
0.5 108 10°'"  103.96 1.84 3.68 8.47
1 1077 1071 75.81 1.88 3.43 8.63
2 1077 10-10 63.46 2.93 2.23 6.37

0.010
C? 0.009*\\‘ /+36 =
=

_ Estimat: -
g 0.008 1) % stimate
b=
©
Q L
S 0.007 -
O . Lo
E ok oo
T 0.006 -3c -
(o))
g 0.005 - = o tenbip |
’ Reference
0.004 | ',Mw{ﬂu,;.,“\*w«-.m‘xp.'»,
0.003 T T T T T T
50 60 70 80 90 100 110 120

Altitude , km

Fig. 6 Drag ballistic coefficient [3p vs altitude (measurement
frequency = 0.5 Hz).

surprisingly, higher frequencies result in better estimates. Table 3
shows the estimation errors from several reentry trials with a range
of measurement frequencies. The velocity error values do not in-
clude the first 100 estimates because these are transient and skew
the numbers. It is clear from these statistics that measurement fre-
quency has a significant impact on estimation accuracy. In general,
the higher the frequency, the better the results, although this im-
provement seems to be somewhat asymptotical.

By comparison, the estimation scheme of Rao'® used measure-
ment frequencies on the order of 0.1 Hz over an altitude range
of 65-95 km. (Our estimator is utilized in the 50-116-km altitude
range.) Rao presented radial errors of about 2000-m rms and veloc-
ity errors of about 20-m/s rms. Ballistic coefficient errors are not
numerically specified in Ref. 10, but one figure in Ref. 10 shows an
average lift ballistic coefficient estimate of about 3 x 10~* m?/kg for
anonliftingcase with 8, = 3.18 x 10~* m?/kg. Rao’s work assumes
piecewise constant ballistic coefficients (two segments, before and
after debris breakup), and his estimation trials involve space-based
sensor configurations where at least one sensor is always providing
measurements. Our estimation results from the tuning trials (with
fictitious continuous ground coverage and 1-Hz measurement fre-
quency) yield radial errors of about 100 m and velocity errors of
about 10 m/s. Clearly, higher measurement frequency results in
smaller estimation errors.

Additional Estimation Issues

Several issues merit additional discussion. Satisfactory filter per-
formance is dependent on the availability and location of station
coverage along the reentry trajectory. More important, there is a
critical zone of estimation for every case, usually between altitudes
of 50 and 100 km. Without sufficient tracking during this regime,
the filter will quickly diverge. The station configuration used in this
study is insufficient for most cases; the filter diverges for simula-
tions without sufficient tracking at lower altitudes. Increasing the
number of tracking stations (especially in the southern hemisphere)
will alleviate this problem. However, the best solution is to use a
network of space-based sensors such as those used by Rao.!°

As mentioned earlier, the dynamic integral state reduces the ac-
curacy of the error bounds. This reductioncan cause erroneous foot-
prints if not taken into consideration when tuning the filter. In ad-
dition, the smoother may have problems at lower altitudes if the
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noise coefficients are too large. [ll-formed covariance matrices can
also degrade filter performance. Using more advanced estimation
schemes such as a square-root information filter and an alternative
smoother can alleviate this problem.

Monte Carlo Impact Prediction

Monte Carlo methods are a common way to analyze nondeter-
ministic problems. These methods use a large number of iterations
to generate a statistical representation of the outcome of a stochas-
tic process, given the distribution of the random parameters. In this
case, reentry trajectories are propagated from the terminal observed
altitude (i.e., the altitude at which measurements cease completely)
to impact, given the final error covariance from the filter. Statistical
conclusions can then be drawn from the resulting footprint. Each it-
eration correspondsto a sample vector of normally distributedinitial
conditions, which are input into a dynamic propagator. This prop-
agator includes two-body and J, gravity terms, as well as lift and
drag. The trajectories are propagated to zero altitude and converted
to geocentric latitude and longitude.

The covariance of the footprint can be calculated using the law
of large numbers. In the context of this analysis, this axiom asserts
that as the number of samples becomes large, the integral in the
expectation operator can be replaced by a summation:

1 N
E[F()] = f (e —B)(x — ) dr = — ZI: @ — B — 0
(23)
The covariance matrix at impact is
1 N
Pt = === D, (61 = D)z, — ) (24)

i=1

where the overbar represents the mean of all of the samples. The
resulting 2 x 2 covariance matrix is

0, 2 K O1on O1a
Pinpact =[ fon ' (25)

2
K O1atOlon Olat

where « is a measure of cross correlation. The 3o confidence levels
for longitude and latitude can be determined from the diagonals of
this covariance matrix.

The true state and the best guess from the filter are also propa-
gated to impact. The full dynamic gravity model is used to integrate
these trajectories. Although within the atmosphere, the inclusion of
higher-order harmonics affects the outcome by no more than a few
kilometers, depending on the simulation. The surface distance er-
ror of the best estimate (i.e., the distance from the estimated to the
actual point of impact along the surface of the Earth) is

T *
¢ = R, cos | —Lmel__ (26)
IFigue 17

In Eq. (26), rywe and r* are the position vectors of the actual and
estimated locations of impact,respectively,and R, is the localradius
of the Earth, averaged between the magnitudes of the two vectors.
By the use of the 1-Hz measurement frequency as the nominal
case, the footprint of the reference trajectory was analyzed over
a range of terminal observed altitudes (TOA). Figure 7 shows the
footprints for the 1-Hz case at TOA values of 50, 70, and 90 km.
Figures 7 clearly show that the footprint is along the ground track
and gets exponentiallylarger with increasing TOA. Table 4 summa-
rizes the footprint statistics for the nominal (1-Hz) case and Table 5
summarizes the footprint statistics for the range of measurement
frequencies and a TOA of 50 km. In summary, Tables 4 and 5 show
that the accuracy of the predictionscheme improves dramatically at
lower TOAs and higher measurementfrequencies.In all cases, how-
ever, the reference point of impactis within the footprint. Therefore,
itcan be stated with 99% certainty that, for a given scenario, the true
location of impact will be within the 30 bounds of the associated

Table 4 Footprint statistics for nominal entry
(measurement frequency =1 Hz)

TOA, Optimal impact 30 30 Approximate
km estimation error, km  Longitude,©  Latitude, ° area, km?
50 5.07 0.50 0.15 90

60 5.79 0.56 0.17 60

70 69.43 1.04 0.31 150

80 38.38 2.31 0.68 250

90 42.55 5.35 1.53 600
100 137291 21.99 11.14 7500

Table 5 Footprint statistics for various measurement
frequencies (TOA =50 km)

Optimal impact

Frequency, estimation 30 30 Approximate
Hz error, km Longitude, ® Latitude, © area, km?
0.2 14.64 0.46 0.14 100
0.5 7.70 0.27 0.08 60
1 5.07 0.50 0.15 90
2 4.97 0.59 0.18 150
I I
L . Footprint |
= 41.2 A Reference
3 44 B Optimal estimate |_|
g |
2 410 .
3 o,
409 - ® ey -
40 1 ! ! ! 1 1

.8
299.6 299.8 300.0 300.2 300.4 300.6 300.8 301.0
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415 L
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g L) 'Y . -
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Fig. 7 Impact footprint for nominal reentry trajectory.

footprintand that the optimal estimate is a reliable prediction of the
location of impact.

Summary

A ground-based method for estimating and predicting the reen-
try trajectories of orbital debris has been presented. Estimation is
accomplishedthrough the use of an extended Kalman filter and RTS
smoother. Lift and drag ballistic coefficients are appended to the
state vector and the correspondingaugmented state is modeled with
dynamic integral noise. Subsequently, a Monte Carlo simulation is
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used to predict the location of impact, with the final error covari-
ance matrix from the estimation stage as the basis for computing
the dispersed initial conditions.

Results are heavily dependent on tracking gaps, multiple station
coverage, and measurement frequency, but for those cases with a
sufficientamount of coverage, the time-varyingballistic coefficients
can be determined to within a few percent of their true values. In
addition, a Monte Carlo simulation demonstrated that, under these
circumstances,theimpactfootprintcan be accuratelypredicted, with
the best predictionof impact withinkilometersof the true value. This
predictionscheme appearsto be accurate under most circumstances,
although its effectiveness is dependent on measurement frequency
and terminal observed altitude.

Future work should focus on modifying the filter dynamics to
account for lateral wind forces and other perturbations. In addition,
it may prove beneficial to utilize alternate filtering schemes (such
as a square-rootinformation filter) and a systematic investigationof
filter tuning.
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